Biaxial flexure tests have been used extensively for the strength measurements of monolithic brittle materials. However, despite the increasing applications of multilayered structures, characterization of their strengths using biaxial flexure tests is unavailable. This is because the analytical description of the relation between the strength and the fracture load for multilayers subjected to biaxial flexure tests is nonexistent. To characterize the biaxial strength of multilayers, an analytical model is developed in the present study to derive the general closed-form solutions for the elastic stress distributions in thin multilayered disks subjected to biaxial flexure tests. To verify the analytical solutions, finite element analyses are performed on trilayered disks subjected to ring-on-ring tests. Good agreement is obtained between analytical and numerical results. The present closed-form solutions hence provide a basis for evaluating the biaxial strength of multilayered systems. Depending upon the strength of the individual layers and the stress distribution through the thickness of the multilayer during testing, cracking can initiate from any layer under tension.
Introduction
Multilayered structures have extensive applications as microelectronic, optical, structural, and biological components. To maintain the functionality and reliability of multilayered systems, it is essential to understand the geometrical and material factors that influence their strength. Uniaxial strength tests, such as three-or four-point bending of bars, have been used extensively in the past to determine the strength of brittle materials (Brett et al., 1990; Skorvánek and Gerling, 1992; Arai et al., 1994) . However, the measured 0020-7683/$ -see front matter Ó 2005 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2005.07.020 strength depends on both the surface and the edge conditions, and it is very difficult to eliminate undesirable edge failures (Ritter et al., 1980) . On the other hand, biaxial flexure tests involve supporting a thin plate on three or more points near its periphery and equidistant from its center and loading a central portion. The area of maximum tensile stress thus falls at the center of the plate surface and the measured strength is independent of the condition of the plate edges. Also, real material components are generally subjected to multiaxial loading during service applications, and the biaxial strength data are more useful than the uniaxial strength data for the material design. As a result, biaxial flexure tests, such as ball-on-ring (or ball-on-three-ball), ring-on-ring, and piston-on-three-ball tests, are becoming increasingly popular as a means of measuring the strength of brittle materials (Shetty et al., 1980; Lucas, 1990; Meyers et al., 1993; Hehn et al., 1994; Zeng et al., 1998; Shi et al., 1998; Simpatico et al., 1999; Li et al., 2001) .
Stress analyses for biaxial flexure tests are very complex even for monolithic elastic materials. A method of handling a thin monolayered disk supported at several points along its boundary and subjected to normal loadings symmetrically distributed over a concentric circular area was first developed by Nadai (1922) . The relation between the transverse displacement of the disk and the load intensity was described by a biharmonic equation, and its general solution could be obtained using MuskhelishviliÕs complex variable method (Muskhelishvili, 1949) . Solving the biharmonic equation with the essential equilibrium conditions and boundary conditions is a difficult task, and Bassali (1957) was able to obtain a complex series solution. However, because of the complex formulation, application of BassaliÕs solution is quite difficult. As a result, BassaliÕs solution was subsequently simplified by Vitman and Pukh (1963) and Kirstein and Woolley (1967) to expressions that could be easily adapted to the design and analysis of thin disks. However, the existing expression is applicable only when the disk is monolithic. When the disk has a multilayered structure, the continuity conditions at the interfaces between layers are required in analyses, and the solutions have not been derived up to date. In the absence of closed-form solutions for multilayered disks subjected to biaxial flexure tests, the finite element analysis (FEA) has been performed to analyze trilayers subjected to ring-onring tests (Selcuk et al., 2001) . Although the FEA provides a powerful means for analyzing stress fields in complex multilayered systems, it suffers from the drawback that it is a case-by-case study and computation needs to be performed for each change in geometrical parameters and material properties. Hence, in order to measure the strength of multilayers using biaxial flexure tests, it is essential to develop an analytical model to analyze this problem.
The purpose of the present study is to derive a closed-form solution to relate the strength to the fracture load for thin multilayered disks subjected to biaxial flexure tests. First, an analytical model is developed to derive the stress distributions in multilayered disks subjected to biaxial flexure tests. This is achieved by satisfying the continuity condition at the interfaces between layers as well as the force and moment equilibrium conditions for the multilayered system and utilizing the existing closed-form solutions for monolayered discs. Then, an application of the solutions to determine the film modulus for a film/substrate bilayered system using biaxial flexure tests is discussed. Second, the FEA is performed on multilayered disks subjected to ring-on-ring tests. Finally, the comparison between the analytical and the finite element results is made to validate the present closed-form solutions for multilayered systems.
Analyses
A thin multilayered disk is considered. A diametrical section through the axis of symmetry of the multilayered disk is shown schematically in Fig. 1 . The disk consists of n layers with individual thickness, t i , where the subscript, i, denotes the layer number with layer 1 being at the bottom of the disk. The cylindrical coordinates, r, h, and z, are used. The bottom surface of layer 1 is located at z = 0, the interface between layers i and i + 1 is located at h i , and the top surface of layer n is located at z = h n . With these definitions, h n is the thickness of the disk, and the relation between h i and t i is described by
The disk is subjected to biaxial flexure tests, and the interfaces between layers are assumed to remain bonded during tests. The stress distributions in the multilayered disk can be determined from the force and moment equilibrium conditions coupled with the existing solutions for monolayered disks, and the analytical procedures are described in the following. For small deflection (e.g., less than one-quarter of the disk thickness), the strains are proportional to the distance from the neutral surface and inversely proportional to the radius of curvature (Timoshenko and Woinowsky-Krieger, 1959) . For a monolayered disk, the neutral surface coincides with the middle plane of the disk. However, for a multilayered disk, the neutral surface deviates from the middle plane because of the nonuniform elastic properties through the disk thickness. The radial and the tangential strains, e r and e h , in the system are (Timoshenko and Woinowsky-Krieger, 1959 ):
where z = z nr and z = z nh dictate the positions of neutral surfaces for bending in the radial and the tangential directions, respectively, and r r and r h are the corresponding radii of curvature. It should be noted that by using Eq. (2) to describe the strain distribution in the system, the strain-continuity condition at the interfaces is automatically satisfied. For a thin disk, the stress normal to the disk is negligible, and the radial and the tangential stresses, r r and r h , are related to strains by
where
Þ is the plane-strain modulus, E and m are YoungÕs modulus and PoissonÕs ratio, respectively, and the subscript, i, denotes the layer number. There is no in-plane applied force, and the force equilibrium condition requires
When i = 1, h iÀ1 (i.e., h 0 ) in Eqs. (4a) and (4b) is defined as zero. The positions of the two neutral planes can be obtained by substituting Eqs. (2) and (3) into Eqs. (4a) and (4b). It is found that solutions of z nr and z nh are complex and they are functions of the two radii of curvature. However, solutions are greatly simplified if the difference between m i (i = 1-n) is ignored in the parentheses in Eqs. (3a) and (3b). Using this simplification [i.e., letting m i = m in the parentheses in Eqs. (3a) and (3b)], z nr and z nh become independent of both the two radii of curvature and m, and their solutions are
In this case, the two neutral surfaces become one and it is redefined as z n . It should be noted that the simplification of PoissonÕs ratio m i in the plane-strain modulus, (3a) and (3b) is not required in order to obtain Eq. (5). Hence, in the present analysis, E Ã i should be regarded as one term without the simplification in m i .
The moment equilibrium condition requires
where M r and M h are bending moments per unit length. Solutions of Eqs. (6a) and (6b) yield
where D has the physical meaning of the flexural rigidity of the multilayer and is
where z n is given by Eq. (5). Combining Eqs. (3a) and (3b) with Eqs. (7a) and (7b), the stresses can be related to bending moments by
For a monolayered disk with uniform material properties, E i = E and m i = m, Eqs. (5) and (8) become
where E * = E/(1 À m 2 ). Eqs. (10) and (11) recover the neutral surface and the flexural rigidity of a monolayered disk (Timoshenko and Woinowsky-Krieger, 1959) . Also, in this monolayer-case, the stresses are related to bending moments by
where z n is given by Eq. (10). Comparing Eqs. (9a) and (9b) with Eqs. (12a) and (12b), the stress distributions in a multilayered disk can be obtained from those of a monolayer disk by multiplying the factor, F i , for stresses in layer i; i.e.,
Also, it should be noted that while the position of the neutral surface is given by Eq. (10) for the monolayer, it is given by Eq. (5) for the multilayer.
Bilayered disks
For the special case of bilayered disks; i.e., n = 2, Eqs. (5) and (8) become
When t 1 ) t 2 (e.g., for film/substrate systems), Eqs. (15) and (16) can be simplified, such that
Hence, by measuring the difference in the flexure rigidity between the substrate and the film/substrate systems, Eq. (18) can be used to determine modulus of the film, E Ã 2 .
Ring-on-ring tests on multilayered disks
For ring-on-ring tests, the specimen is supported by an outer ring and loaded with a smaller coaxial inner ring. The approximate analytical solutions for stress distributions in monolayer disks have been obtained, and the central region bounded by the inner ring is subjected to biaxial stress that is uniform with respect to r and h directions. These stresses on the tensile surface are (Kirstein and Woolley, 1967; Shetty et al., 1980) :
where P is the load, and a, b, and R are the radii of outer ring, inner ring, and the disk, respectively. Considering the linear stress distribution through the disk thickness, the variations of stresses through the thickness are described by
ðfor r 6 b and 0 6 z 6 h n Þ; ð20aÞ
ðfor r > b and 0 6 z 6 h n Þ; ð20bÞ
When Eq. (20) is extended to the multilayer-case, m should be regarded as the average PoissonÕs ratio of the disk, such that
Hence, the stress distributions in multilayered disks subjected to ring-on-ring tests are
where z n and F i are given by Eqs. (5) and (14), respectively. Depending upon the comparison between the strength of the individual layers and the stress distribution through the thickness of the multilayer during testing, cracking can initiate from any layer under tension, and Eq. (22) provides a basis for evaluating the biaxial strength of multilayered systems. It should be noted that Eqs. (13) and (14) are valid for any biaxial flexure test in converting monolayer-solutions to multilayer-solutions. While solutions are listed specifically for ring-on-ring tests here, the solutions for other biaxial flexure tests can be formulated accordingly.
Finite element analysis
In order to validate the analytical solution, the FEA is used to simulate results for ring-on-ring tests on both monolayered and trilayered disks. While the simulated results for monolayered disks are compared with existing solutions, Eqs. (19) and (20), to examine the accuracy, the simulated results for trilayered disks are compared with the present closed-form solutions, Eqs. (22a), (22b) and (22c), to validate the present analytical solutions. The algorithm models frictionless contact between rings and the specimen, and the interfaces between layers are assumed to remain bonded at all stages of computation. The monolayered and trilayered disks are modelled using 8-node curved shell elements in the finite element code ABAQUS version 6.4-1. The outer ring constraint is modelled by fixing the nodes of the elements at the outer ring location in the vertical direction. The nodes are free to move in the other directions. At the location of the loading ring, a pressure is applied over a small area to apply the desired load.
Results
Specific results are calculated using materials properties pertinent to yttria stabilized zirconia (YSZ) monolayer and solid oxide fuel cells (SOFC) trilayer subjected to ring-on-ring tests in order to elucidate the essential trends. The YSZ monolayer has a thickness of 150 lm. The SOFC trilayer consists of La 0.75 Sr 0.2 MnO 3 (LSM) cathode layer of 25 lm thickness, YSZ electrolyte layer of 150 lm thickness, and NiO-YSZ anode layer of 25 lm thickness. The specimens have a radius, R, of 25 mm, and the materials properties are listed in Table 1 (Selcuk et al., 2001 ). It should be noted that both the cathode and the anode layers are porous, their stress-strain relations can be nonlinear. For example, pores can form cracks and propagate during loading which, in turn, can result in decreasing modulus with increasing load. Also, depending upon the shape and the orientation of pores, the elastic properties of porous materials can be anisotropic. Both nonlinearity and anisotropy in elastic properties of porous materials are not considered in the present study. The supporting and the loading rings have radii of a = 19 mm and b = 4.75 mm, respectively, and P = 10 N is loaded on the specimen through the loading ring. The results for other loads can be obtained by scaling with the load because of the linear elasticity used in analyses. However, it should be noted that because the deflection is generally limited to less than one-quarter of the disk thickness in order to satisfy the condition of small deflection during tests, the corresponding load is also subjected to this constraint. The FEA mesh used for modelling the monolayered and trilayered disks is shown in Fig. 2 . The disks are modelled using 1/4 symmetry. The mesh consists of 279 elements and 913 nodes, and it is biased towards the center of the disk such that the smallest elements are located in the central area.
For the YSZ monolayered disk, both the radial and the tangential stresses, r r and r h , on the tensile surface of the specimen; i.e., at z = 0 in Fig. 1 , as functions of the radial distance from the center of the disk, r, are shown in Fig. 3(a) . Eq. (19) shows that the stress has a maximum in the region of r 6 b and decays with the distance from the center, and the radial stress on the tensile surface becomes compressive in the overhang region, r P a. While good agreement between Eq. (19a) and FEA is shown in the region of r 6 b, discrepancy is observed between Eqs. (19b) and (19c) and FEA in the region of r > b. This is mainly due to the fact that Eq. (19) is a simplified approximate solution. Specifically, Eq. (19b) shows that the radial stress, r r , is zero at r = a and has a finite value at r = R which violates the free-surface condition at the disk edge. Also, the FEA results show a small peak in r r on the tensile surface opposite and just inside the loading ring position (which can hardly be seen in Fig. 3(a) ). This small peak results from the contact stress. Because analytical modelling considers only the flexural stress due to biaxial flexure loading not the contact stress, it cannot predict this peak stress. However, using FEA, the above discrepancy and peak stress are both found to be diminished as the overhang region becomes smaller (i.e., as R ! a). Also, because only Eq. (19a) is required to relate the biaxial strength to the fracture load for monolayered disks, the inaccuracy of Eqs. (19b) and (19c) is not of concern. The biaxial stress, r r = r h , in the region of r 6 b and through the Fig. 2 . The finite element mesh for a disk subjected to ring-on-ring tests. specimen thickness is shown in Fig. 3(b) . The stress is linear, and excellent agreement is obtained between Eq. (20a) and FEA results. For the LSM/YSZ/NiO-YSZ trilayered disk, modelling is performed such that LSM is the tensile layer; i.e., layer 1 in Fig. 1 . Both the radial and the tangential stresses, r r and r h , on the tensile surface of the specimen as functions of r are shown in Fig. 4(a) . Like Eq. (19), Eq. (22) shows that the stress has a maximum in the region of r 6 b and decays with the distance from the center, and the radial stress on the tensile surface becomes compressive in the overhang region, r 6 a. In the region of r 6 b, the stress predicted from Eq. (22a) is greater than that from FEA by $3.5%, and this difference will be discussed later. In the region of r > b, discrepancy is observed between Eqs. (22b) and (22c) and FEA. While the present closed-form solutions for multilayers are derived by utilizing the existing solutions for monolayers, they also inherit the inaccuracy in the region of r > b. The biaxial stress, r r = r h , in the region of r 6 b and through the specimen thickness is shown in Fig. 4(b) . The stress is linear through the thicknesses in each individual layer; however, because of different elastic properties among the three layers, the (in-plane) stress is discontinuous at the interfaces and the stress gradients are different. Good agreement between the analytical and the FEA results validates the present closed-form solutions for multilayers, Eq. (22). In this trilayer-case, the greatest tension does not occur at the tensile surface of the specimen; instead, it exists at the lower surface of the middle (i.e., YSZ) layer. This is because the YSZ layer is much stiffer than the LSM layer. Depending upon the comparison between the strength and the maximum tension in each layer, cracking can initiate in the inner layer instead of at the tensile surface of the specimen. Also, it can be seen in Fig. 4(b) that the compared to the FEA results, the analytical solutions slightly under-predict the magnitude of stresses in the YSZ layer (by 2%) and over-predict the magnitude of stresses in both the LSM (by 3.5% see also Fig. 4(a) ) and the NiO-YSZ (by 10%) layers. This is because the difference in PoissonÕs ratio between layers is ignored in the parentheses in Eqs. (3a) and (3b) when the position of the neutral surface is determined analytically, and the average PoissonÕs ratio of the trilayer, m [see Eq. (21)], is used. While m of the trilayer layer is 0.29, it is greater than the actual PoissonÕs ratios of both LSM (0.25) and NiO-YSZ (0.17) but is lower than the PoissonÕs ratio of YSZ (0.32). As a result, when m i in the parentheses in Eqs. (3a) and (3b) is replaced by m, stresses in both LSM and NiO-YSZ are over-predicted while stresses in YSZ are under-predicted. Also, because the NiO-YSZ layer has the biggest difference between m i and m among the three layers, it incurs the biggest discrepancy between the analytical and FEA results. To verify this, For the strength measurement, the biaxial stresses in the central region bounded by the inner ring are of concern. Under the biaxial-stress condition, e r = e h and Eqs. (3a) and (3b) become
However, it should be noted that the approximation of m i = m is used in the parentheses in Eqs. (3a) and (3b) in deriving the closed-form solution for the position of the neutral surface; i.e., Eq. (5), for multilayers. This approximation corresponds to
While Eq. (23) is exact, Eq. (24) is approximate which leads to the solution described by Eq. (22). However, if Eq. (24) is multiplied by a factor of (1 + m i )/(1 + m), it becomes identical to Eq. (23). Hence, the accuracy of the closed-form solutions for the stress distributions given by Eq. (22) can be improved by multiplying a factor of (1 + m i )/(1 + m). For example, this factor corresponds to 0.967, 0.905, and 1.021, respectively, for LSM, NiO-YSZ, and YSZ which compensates the errors of the analytical solutions shown in Fig. 4(b) .
Concluding remarks
Biaxial flexure tests have been used extensively to measure the biaxial strength of brittle materials. However, the tests and analyses are limited to materials of uniform properties. An analytical model is developed in the present study to analyze stress distributions in thin multilayered disks subjected to biaxial flexure tests. It is found that closed-form solutions for multilayered disks can be obtained from existing solutions for monolayered disks by replacing the position of the neutral surface and the flexural rigidity of the specimen. To validate the present analytical solutions for multilayers, the finite element analysis is performed on an LSM/YSZ/NiO-YSZ trilayered disk subjected to ring-on-ring tests, and good agreement between analytical and numerical results is obtained. The present closed-form solutions hence provide a basis for evaluating the biaxial strength of multilayered systems. Depending upon the strength of the individual layer and the stress distribution through the thickness of the multilayer during testing, cracking can initiate from any layer under tension. However, it should be noted that because the difference in PoissonÕs ratio between layers is ignored in determining the position of the neutral surface analytically, the stresses in layers with PoissonÕs ratios greater than the average PoissonÕs ratio are slightly under-predicted and the stresses in layers with PoissonÕs ratios smaller than the average PoissonÕs ratio are slightly over-predicted (see Fig. 4(b) ). To compensate the errors in predicted stresses caused by different PoissonÕs rations between layers, stresses given by Eq. (22) should be multiplied by a factor of (1 + m i )/(1 + m) where m i is the PoissonÕs ratio of the individual layer and m is the average PoissonÕs ratio of the multilayer. The physical meaning of this multiplication factor is given in Section 4.
Finally, it is worth mentioning that multilayered disks are generally subjected to residual thermal stresses because of the thermomechanical mismatch between layers, and the disks can be curved. While flat specimens are required in testing, slight out-of-flatness can be compensated by using compliant rings or placing a sheet of rubber or silicon between the supporting ring and specimen (ASTM Standard, 2003) . To minimize friction, an appropriate lubricant or placing a sheet of carbon foil or Teflon tape between the loading ring and the specimen is recommended. Also, closed-form solutions for thermal stresses in multilayers have been derived previously (Townsend et al., 1987; Hsueh, 2002) , and resultant stresses in the specimen can be obtained by superposing the thermal stresses on the stresses due to biaxial flexure tests.
